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Abstract. The aim of this paper is to give a recursive formula to compute 
the product of a line bundle with the structure sheaf of a Schubert variety in 
the equivariant iiT-theory of a flag variety. 



1. Introduction 

Let G be a complex semi-simple connected group, ficGa Borel subgroup of G, 
and H C B a maximal torus of B. We denote by R[H] the ring of representations 
of H and X = G/B the flag variety of G. The f/-equivariant A-theory K(H,X) 
of X has a R[H] -basis [O^J^ indexed by = N G {H)/H the Weyl group of 
G, where [O^J^ is the class of the structure sheaf of the Schubert variety X w . 
The Schubert variety X w C I is the closure of the B-orbit of w £ W. Let t) be 
the Lie algebra of H, we denote by f)J C f)* the weight lattice which is identified 
canonically with the group of characters of H. Then for all A G f)J, we denote by 
£^ the canonical line bundle over X. The torus 77 acts on and it defines a 
class in K(H,X). In fact, K{H,X) is generated by these line bundles and 

then we get a presentation by generators and relations of K(H,X). If we want 
to understand the link between the basis {[O^J\ H }w£W and this presentation, it 

1991 Mathematics Subject Classification. 19L47, 14M15 . 
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is interesting to find a "Giambelli formula" which expresses [O^ } H in terms of 
}a£W and a "Chevalley formula", i.e. to find the coefficients v G R[H] 
satisfying : 

vew 

Such a formula has been known for a long time in cohomology (see [TJ in ordinary 
cohomology and in equivariant cohomology). In Ql] Pittie and Ram give a 
Chevalley formula in ordinary if -theory for a dominant weight A by using L-S 
paths. Littelmann and Seshadri generalize this formula to ff-equivariant if -theory 
in (SJ. Such a formula was first given in the case G — SL(n,C) by Fulton and 
Lascoux in by using "tableaux" of shape A. The aim of this paper is to find a 
practical algorithm to compute these coefficients v . Our formula is valid for all 
weights (even for non dominant weights). 

We follow the same method as in Jj2jj to find restrictions to fixed points in 
equivariant cohomology and K-theory. First we describe a R [ff] -basis of the -ff- 
equivariant if -theory of a Bott-Samelson variety V and we decompose the class of a 
line bundle in this basis. To find this formula, we use the structure of iterated 

fibrations with fiber CP 1 of Bott-Samelson varieties. Then we use the standard map 
g : T — > X to deduce a Chevalley formula in K{H,X). In 0] and Haibao Duan 
also used Bott-Samelson varieties to find formulas in Schubert calculus and we used 
this idea in ^3] and to find similar formulas in the equivariant setting. In these 
two papers we study Bott towers i.e. all varieties which have a structure of iterated 
fibrations with fiber CP 1 . 

In Section [51 we recall basic definitions on semi-simple groups and their flag 
varieties. 

In Section 03 we recall the definition of the Bott-Samelson variety associated to 
a sequence of simple roots and we define a cell decomposition of this variety. For 
more details on this section, see [H] and [13] . 

In Section 0] we recall the definition of the ff-equivariant if -theory of an alge- 
braic ff- variety and we introduce the notion of restriction to fixed points which will 
be the main tool of our proofs. 

In Sectional we construct a i?[ff]-basis of the ff-equivariant if -theory of a Bott- 
Samelson variety T and for all A G f)J, we decompose the line bundle C\ in this 
basis (Theorem |2j). 

In Section® if g : T — ■> X is the standard map from a Bott-Samelson variety T to 
the flag variety X, we describe the morphism g* induced in if -theory (Theorem 
and we deduce from this result the main theorem of this paper (Theorem which 
gives a Chevalley formula in equivariant if -theory. 

In Section we restrict our calculations to ordinary if -theory (Theorem 0. 

I am very grateful to Michel Brion for suggesting me using my results to find a 
Chevalley formula in equivariant if -theory. 

2. Preliminaries and notation 

2.1. Root system. Let G be a connected and simply connected complex semi- 
simple group of rank r. We denote by e the neutral element of G. Let B C G 
be a Borel subgroup of G and ff C B the Cartan subgroup of B. We denote by 
i) C b C g the Lie algebras of ff , B and G. 
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We choose a system of simple roots it = {cti}i<i< r C f)* and simple coroots 
7r v = {a^}i<i< r C f), such that 

b = d® g a , and g = f) e (g Q e g- a ), 

a£A + agA + 

where for X E i)* , Q\ — {x E g such that [h,x] = X(h)x,\/h E h}, and where 
we define A + by A + = {a E Yli=i such that a ^ and Q a ^ 0}. We set 
A = A + UA_ where A_ = — A + . We call A + (respectively A_) the set of positive 
roots (respectively negative). 

We associate to (9, h) the Weyl group W C Aut(f)*) generated by the simple 
reflections {si}i<i< r defined by 

VAeh*, Si (A) = \-\{at)a % . 

By dualizing, we get an action of W on h. 

If we denote by S the set of simple reflections, the couple (W, S) is a Coxeter 
system. Thus we have a notion of Bruhat order denoted by u < v and a notion of 
length denoted by l(w) E N. We denote by 1 the neutral element of W. 

We have A = Wir, and for (3 — woti E A + , we set sp — wsiiu' 1 E W (which 
does not depend on the couple (w,a.i) satisfying (3 = wai), and /3 V = wa^ E f). 

We define the fundamental weights pi E I)* (1 < i < r) by 

Pi(a'j) = Si^, for all 1 < i,j < r, 

and the weight lattice f)J by 

f)z = ©l<i<rZp, C f|*. 

2.2. Flag varieties. Let Ng(H) be the normalizer of H in G, the quotient group 
N G (H)/H can be identified to W. We set X = G/B. It is a flag variety. The 
group G acts on X by multiplication on the left. This action yields an action of 
B and H on X. The set of fixed points of this action of H on X can be identified 
to W. For w E W, we define C{w) = B U BwB and for all simple roots a, we 
define the subgroup P a of G by P a — C(s a ). We have the Bruhat decomposition 
of G = Utoew BwB and if we define X w — BwB/B, then X = \_\ w£W X w . For all 
w E W, the Schubert cell X w is isomorphic to . Thus we get an i/-equivariant 
cell decomposition of X where all cells have even real dimension. 

For all w E W, the Schubert variety X w is the closure of the cell X w . It is an 
irreducible if -equivariant subvariety of X of complex dimension l(w). In general 
Schubert varieties are not smooth. For all w E W, we have the decomposition 

X w = I I X w i . 

w' <w 

2.3. The monoid W_. We define the monoid W_ as the monoid generated by the 
elements {s^iKiKr with the relations sf = and the braid relations of W : 

[ £ = ^ 

< J>.t £j ' " ' = §.j§4"' if m i,i < 00 1 

S terms m^j terms 

where rriij is the order of S{Sj in W\ 

We denote by T : W ^ W_ the bijection defined by T(w) = ' ' ' $4, if w = 
Sjj • • • is a reduced decomposition of w (i.e. Z = l(w)), 

3. Bott-Samelson varieties 
Let N > 1 be a positive integer. We use the notation of Section |2j 
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3.1. Definition. Let jjb\, . . . , /x/v be a sequence of N simple roots (repetitions may 
occur). We define 

rOi, ...,n N ) = p w x b p^ 2 Xb---Xb Pixn/B, 

as the space of orbits of B N acting on P Ml x P M2 x • • • x P^ N by 
(31,32, ■ • .,g N )(bi,b 2 , ...,b N ) = {gib 1 ,bi 1 g 2 b 2 , ■ ■ ■ , &w-i3iv&iv), h e B, g l G P w . 

It is an irreducible complex projective variety of dimension TV. We denote by 
[31,32, • ■ ■ , 3iv] the class of (31, 32, ■ • ■ , 3w) in r(^i, . . . , fi N ) and by g^ G P^ a 
representative of the reflection of Np^. (H)/H ~ Z/2Z. 

We define a left action of P on r( / m, . . . , /xat) by 

%i, 32, ...,g N ] = [bgi,g 2 , ■ ■ ■ , 3w], 6 e P, & g P M , . 

By restricting this action to if, we get an action of if on r(/zi, . . . , /Ujv)- 
In the following two sections we denote r(/ii, . . . , /Ltjv) by T. 

3.2. Cell decomposition. For e G {0, 1}^, we denote by r e C T the set of classes 
[31,32, • • • , 3jv] satisfying for all integers 1 < i < N 

gi £ B if a = , gi £ B if a = 1. 

For e = (ei, 62, . . . , ejv) € {0, 1}^, we denote by 1(e) the cardinal of {1 < i < 
N, €i = 1}. It is called the length of e. We define a partial order on {0, 1}^ by 

e < e' & (VI < i < N, a = 1 => e- = 1). 

The following proposition is obvious. 
Proposition 1. 

(i) For all e £ {0, 1}^, r e is a complex affine space of dimension 1(e) which is 
invariant under the action of B, and this action induces a linear action of 
the torus H on T e . 
(li) For all e G {0, 1} N , T £ = U e ,< e r e , . 
(Hi) r = ]j £e{01}W r e . 

(iv) For all e G {0, 1}^, T e can be identified with the Bott-Samelson variety 
r(/ii, €i = 1) and is an irreducible smooth subvariety ofT. 

For e G {0, 1}^ and 1 < i < N, we define 

Vi(e) = [] a w e W ' 

1 < 3 < i, 
<j = 1 

where, by convention, J| = 1. We set v(e) = vpj(e) e W. 
Moreover we define the root cti(e) £ A by 

c*i(e) = Vi(e)m. 

Let T H be the set of fixed points of the action of H on T, we can identify T H 
with {0, 1} N thanks to the following lemma. 

Lemma 1. 

(i) T H ~ J] N P ^(H)/H ~ [] { e , 5w } ~ {0,1}^, uAere we identi/j/ e 

l<i<W l<i<W 

wii/i and g^ with 1. 
(m) For all e G {0, 1}^, T e is ifte P-or&ii ofeeT H . 



A CHEVALLEY FORMULA IN EQUIVARIANT if-THEORY 



5 



(tit) For(e,e') £ ({O,!}^) 2 

eer ( ^ f < e', 

and if we denote by T e e , the tangent space to T e / at e, then the weights of 
the representation of H in T c c , are {— ai(e)}i, e '=i- 

3.3. Fibrations of Bott-Samelson varieties. For all 2 < k < N, let denote by 
7Tfc : r(/xi, . . . ,/ifc) — * r(/ii, . . . , /i/c-i) the projection defined by 

7!"fc([Sl> ■ ■ ■ ,5%]) = [fi; ■ ■ ■ ,9k-l]- 

If we denote by ni : r(/ii) — » {point} the trivial projection, we get the following 
diagram : 

r(/xi, . . . ,/ijv) 

I 7TAT 

r(/xi, . . .,Mat-i) 

I 7TJV-1 

r(/ii,M2) 
r( Ml ) ~ cp 1 

{point} 

where each projection itk is a fibration with fiber CP 1 (see f° r more details). 

3.4. Line bundles. We denote by X(H) the group of characters of H. For all 
integral weights A S f)|, we denote by e A : P — > 5 1 the corresponding character. 
This way we get an isomorphism between the additive group t)J and X{H). 

Since P ~ B/U, where U is the unipotent radical of P, we can extend to P all 
characters e A G X(P) (in fact X(H) ~ X(P)). Then for all A G fjj, we denote by 
£^ the P-equivariant line bundle over V defined as the space of orbits of B N acting 
on P M1 x P M2 x ■ ■ • x P^ x C by 

(ffijfl2, ■ ■ -,gN,v)(b 1 ,b 2 , ■ ■ ■ ,b N ) = (g 1 b 1 ,b^ 1 g 2 b 2 , ■ ■ . ,b^ ! 1 _ 1 g N b N ,e x (b] v 1 )v), 

bi G P, ft G P Mi , v G C. 

4. EQUIVARIANT if-THEORY 

Let Z be a complex algebraic P-variety, we denote by Z H C ^ the set of fixed 
points of the action of P on Z . 

We denote by K°(H, Z) the Grothendieck group of P-equivariant complex vector 
bundles of finite rank over Z . The tensor product of vector bundles defines a 
product on K°(H,Z). Since K°(H, point) ~ R[H], where R[H] = Z[X(H)] is the 
representation ring of the torus P, we get a P[P]-algebra structure on K°(H, Z). 

For all P-equivariant algebraic maps g : Z\ — > Z 2 we denote by : K°(H, Z 2 ) — > 
P°(P, Zi) the morphism of P[P] -algebras defined by pulling back vector bundles. 
In particular the inclusion Z H C Z gives a morphism ?^ : K°(H, Z) — > K°(H, Z H ) 
called restriction to fixed points. If the set of fixed points Z H is finite, K°(H, Z H ) 
can be identified with F{Z H ;R[H}) the P[P]-algebra of all maps / : Z H h-> P[P] 
and we get a morphism i* H : K°{H, Z) -> P(Z H ; P[P]). Moreover if P°(P, Z) is a 
free P[P]-module, then the morphism i* H is injective. This is an easy consequence 
of the localization theorem (see section 5.10). 
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If we assume that Z is a complex projective smooth H- variety, then K°(H, Z) is 
isomorphic to K (ff , Z) the Grothendieck group of ff-equivariant coherent sheaves 
on Z (see j2] chapter 5). In this case, we identify these two groups and we denote 
them by K(H,Z). 

For all proper .ff-equivariant morphisms g : Z\ — > Z%, we denote by : 
K (H,Zi) — > Kq{H,Z2) the direct image morphism. For all -ff-equivariant sub- 
varieties Z 1 c Z, we denote by [Oz'] H G K (H, Z) the class of i*(Oz>) where Oz 1 
is the structure sheaf of Z' and i is the inclusion of Z' in Z. 

5. ff-THEORY OF BOTT-SAMELSON VARIETIES 

We use the notation of Sectional Let TV be a positive integer, and let fii, [12, 
. . . , [in be a sequence of N simple roots. Let T be the Bott-Samelson variety 
r = r(/ii, [12, ■ ■ ■ , (J-n)- F° r I < k < N, we denote r(/ii, . . . , fik) by r fe . By 
convention, T° = {point}. For 1 < k < N, let irk be the projection r fc — + T h ~ 1 
defined in Section I?Q1 

We denote by T fe = JJ r£ the cell decomposition defined in Section I3T2I For 

all e G {0, l} fe , let denote by T e the closure of in T k . 

5.1. A basis of the if-theory of Bott-Samelson varieties. For all integers 
1 < k < N, T k is a complex projective smooth ff-variety, and then we denote by 
K(H, T fe ) its -ff-equivariant -ftT-theory. 

For all e G {0, l} fe , we set 0^ t = [0 Y k] H G K(H, T k ), and for 1 < i < k, 

Oft = O*^, where for 1 < j < k, = 1 - 8 hJ . 

Since T fc = U £ e{o 1}*= ls a ce ^ decomposition of T k , the family {O| / C } eg {o,i} fc 
is a i?[ff]-basis of the module K(H,T k ). Moreover, (T k ) H is finite and isomorphic 
to {0, l} k . Thus we have the following proposition. 

Proposition 2. 

(i) The H-equivariant K-theory of(T k ) H can be identified with F({0, l} k ; R[H}). 
(ii) K(H,T k ) = ® eem} xRlH}0* e . 

(Hi) The restriction to fixed points i* H : K(H,T k ) — > F({0, l} fe ;i?[-ff]) is infec- 
tive. 

For all integers 1 < k < N and all A G f)g, we denote by C k the line bundle 
over r fe defined in Section EPI and by [C k ] H its class in K(H,T k ). For fc = 0, 
[C° X ] H = e x G i?[ff] ~ if(ff, point). 

We will decompose [C k ] H in the -R[ff]-basis {0^ £ } ee { O .i}fc. For this we need 
restrictions to fixed points. 

5.2. Restrictions to fixed points. 

Proposition 3. For all integer 1 < k < N, A G f)J and (e, e') G ({0, l} fe ) 2 , 

^([4] ff )W = ^ (e)A , 



J] (l-e-°*< e >) ife<e', 
i/r(O^)(e) = {i<i<*, e j=0 

otherwise. 



Proof. The first relation is obvious by definition of C k . 
Let us prove the second relation. 
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If e j£ e', the fixed point e £T e ,, and then by the localization theorem, 

iSr(0£ e O(«O = O. 

k 

If e < e', e G T e , . Since T e , and T are smooth, we can use the self- intersection 
formula (see [2] proposition 5.4.10) to get i* H {0^ el )(e) = i* H {X{T* k T k ))(e), where 

Tl. k T k is the normal bundle of T £ , in T k and for all vector bundles V, X(V) — 

Eo< i <di m( v)(-l) i A i (^). 

Then Lemmadand the relation A(Vi © V 2 ) = A(Vi) ® X(V 2 ) give us 

^(^e')(e)= II (l-e~ Q ' (£) ). 

l<j<fc,ej=0 

Since is injective, we deduce the following formula. 
Corollary 1. For all integers 1 < k < N and all e £ {0, l} fe , 

(i) o« e = n °m- 

l<i<fe,e i= 

Remark 1 . This corollary is also a consequence of the fact that 

/ \ — fe 



□ 



n rf tl 



1 < * < fc, 
e i = 

is a transversal intersection. 

5.3. Decomposition of line bundles. 

Theorem 1. For all integers 1 < k < N , and all A £ 




[4=LvwF if < o. 



ifA(^)=0, 

'fc-i i 

■"A-(A(^)-lW 

Proof. To prove this theorem, we check these relations after restriction to fixed 
points. 

Let e be an element of {0,l} fc . We denote by e the element of {0,l} fe ~ 1 cor- 
responding to the fixed point 7Tfc(e) in r fe ~ 1 (by convention {0,1}° = {0}, and 
v(0) = 1 £ W). 

If we use Proposition for r fe and r fc_1 , we find : 

i* H {[C k ] H ){e) = e^\ 

iJr«([<- X A] H ) + ^ ik ^([C k x J k ] H ))(e) = 

e ^K lfc A + (5efco(1 _ e -,( £ w )( ^ ([ 4-ip ))(?) . 



If efe = 1, we have to check e v ^ x = e"^^"'= A . This is obvious since v(e) 

If e^. = 0, v(e) — v(e) and thus we have to check 

f e s ^ A if A(a#) = 0, 

e A = I P>^ + ( 1 _ e - Al(j )[ e A + e A- Al , + ... + e A-(A(^)-l) Mfc j if A(^) > 0, 
[ e » n A _ (1 _ e -W)[ e A+At* + ...+ e A-A(/i^)Mk] " if A(^) < 0. 
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These relations hold since s Mfc A = A — X(fi^)^k- 

□ 



T}(e x ) = e s ?\ 



Definition 1. Let /? be a simple root, we define two Z-linear maps T2 and Tl from 
R[H] to R[H] by 

r if A(/? v ) = 0, 

T$(e x )=\ e x + e x ~P + ■ ■ ■ + e A-(A(/3 v )-D/3 if A(/5 V ) > 0, 
{ ~e x +' 3 e A-A(/3V)0 if A(/3 V) <Qj 

for all characters e x G X{H). 

Remark 2. The operators T° are called Demazure operators. Such operators were 
first defined by Demazure in P]. 

Theorem 2. For all integers 1 < fc < N and all A G f)J, 

[4f = E 

ee{oa} fc 

Proof. We prove this theorem by induction on k. 

For fc = 1, the theorem is a consequence of Theorem ^ m the case k — 1 and of 
the fact that [C° X ] H = e x for all A G h|. 

We assume that the relation is proved for k — 1 (1 < fc — 1 < iV — 1) and for all 
weights A G hj. 

We assume for example that A(j«]Q > 0. Then by Theorem we get 

A(^)-l 

[4i ff = E ^ t . A :k- 1 ^(Ci, £ )+ E E °k, k R^LA(°k-i,e)- 

Since 7Tfc is a smooth 77-equivariant morphism between smooth H -varieties, for 
all e e {0,l} fe -\ 

where e 1 = (ei, £2, ■ • ■ , e*-i, 1) G {0, l} fc . Moreover by Corollary^] 

^k^ki^k-l^) = ^k.k^kJ 1 = Cfc^£°! 

where e° = (e x , e 2 , . . . , e fe -i, 0) G {0, l} fe . 
Then we get 

= E ^ A .;k-^e+ E "e 1 ^.^- 

iE{0.1}' ££{0,11' 3=0 

We obtain the statement since by definition 



RJu.-'^k-x if e fc = 1, 



<7 = 

The argument works in the same way in the cases A(/^) = and A(/i^) < 0. 



□ 



Example 1. In type ^2 (G = «SX(3,C)), we decompose in K(H 7 T) where 

r = r(a 2 ,Q!i,a2). 

Since piia^) = 0, we get 

7 1 ° 2 (e pl ) = 0andri 2 (e" 1 ) = e pi . 
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Since pi(a±) — 1, we find 

T°Tl 2 (e Pl ) = e" 1 and T^T^e*) = e" 1 "" 1 = e~ Pl+p2 , 
since ai = 2p\ — p 2 . 



Since pi(a 2 ) = an d ( — l°i + P2)( a 2 ) = 1> we find 

rpO rpO rpl I Pl \ _ r, rpl rpO rpl ( pi \ _ pi 



pO Til pi /„pl\ _ „-pi+P2 T->1 Til T-i 1 f p Pl) — „-pl+P2-Q2 _ „-P2 

since a 2 = — Pi + 2p 2 . 



Then Theorem [2] gives us the following relation in K(H,T) 

•)H 1 p -pi+p 2 ^H 1 /in 

'3,(1,1,1) + e ^3,(0,1,1) e ^3,(1,0,1)- 

-r i 

- P2 J 



l L -p 1 \ — e U 3,(l,l,l) + e U 3,(04,l)+ e U 3 

Example 2. In the case G 2 , we decompose [£pj ff in K(H,T) where we take 
T = T(ai, a 2 , o;i, a 2 ). 

Since p 2 = 3ai + 2a 2 , and p 2 (a 2 ) = 1, we get 

T ° 2 ( eP2 ) = e 3ai+2a2 and T^ 2 (e p2 ) = e 3Ql+ " 2 . 

Since (3ai + 2a 2 )(a!i ) = 0, and (3ai + a 2 )(a^ ) = 3, we find 
T°T° 2 (eP*) = 0, T^T° 2 (e p2 ) = e 3Ql+2Q2 , 

Since (3ai + 2a 2 )(a 2 / ) = 1, (3ai + a 2 )(a 2 / ) = -1, (2ai + a 2 )(a 2 / ) = 0, (ai + 
a 2 )(a!2 ) = 1 and a 2 (a2 ) = 2, we find 

rpO rpl rpO / pa \ _ 3ai+2a 2 Til Til pO / 02 \ _ 3oi+Q 2 

I H2 01 02' / — ' a2 ai a 2 \ I ~ ' 

/jnO rpO rpl rp 2 ^ _ _ g3o! i +2q 2 _|_ l +«2 yl y0 jil j- g p2 ^ _ £ 3q i +2a 2 _|_ g2a i +Q2 _|_ g a i 

^T^T^^) = e" 2 + 1, Ti 2 T^T^e' 2 ) = 

Since (3ai + 2a 2 )«) = 0, (3ai + a 2 )«) = 3, (ai + a 2 )(ctf) = -1, (2ai + 
«2)(a] / ) = 1, o>i(ai) = 2, and ai{a() — —3, we find 

rpO pO rpl rpO / p 2 \ _ n rpl rpO rpl rpO I p 2 \ 3ai+2a 2 

1 cki x a 2 x ai x a 2 V c / — u i J ai 1 a 2 I aj J -a 2 V c / c > 

pO Tnl rril rpO I p 2 \ _ 3ai+a 2 i 2qi+Q 2 I Ql+a 2 rpl rpl rpl rpO I p 2 \ _ Q 2 

x a 1 ± q 2 ax a2 V e 7 — e "r e ' L I I ar«2 I cn J ojr / — e ' 

t^O t^O t^O yil /„P2 s i _ _„2ai+a 2 rpl rpQ rpQ rpl f p 2 \ _ 3ai+2ct2 I „2ai+aj 

J oi I o 2 ± a\ - t a 2 v / — ' oroj ar«jl c / c ' 

rynO rTil TnO /pi / P2 \ Jo i +a 2 I „Q 1 , 1 rpl pi pO pi / P2 \ _ 3a 1 +2c*2 _i_ ttl +a 2 — Q 1 

1 qi i q 2 I ai" I a2 r 7 e _re ' ± ' ± a 1 ± a 2 J oi 1 o 2 l t; / — e ' c _re > 

pO pO pi rpl I p 2 \ _„Qi+a2_„2ai+0!2_ 3ai+Q2 rpl rpQ rpl rpl j p 2 \ 3ai+a 2 I 1 

^Qi^a 2 Qi a 2 V c 7 L c L ' I ai I a 2 - I ai- I a 2 V c I ~ c ' ^' 



rpO pi pi pi |'„P2 % \ „-02 I „ — Ql— Q2 I „-2Ql-a 2 rpl rpl rpl pi / p 2 \ — 3«1— CV2 

^Qi^Q2 ai a 2 V c / c ' ' i J ai I a 2 1 c 1 - I a 2 \ t; I ~ c 



Then Theorem [2 gives us the following relation in K(H,T) 

r-p 2 J — e 4,(1,1,1,1) v + e + e ^4,(0,1,1,1) 

+ (e + 1)1^4,(1,0,1,1) + \~ e ~ e ~ e J U 4,(0,0,1,1) 
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+ (e3ai +2a 2 + e a 1+ a 2 + e^O*^^ + ( e 2Ql+Q2 + e" 1 + 1)0^(0,1,0,1) 

I ( _3ai+2a 2 i „2qi+o 2 \(nH 2a 1 +u 2 /nH 
"TV e ~r c ^4,(1,0,0,1) e ^4,(0,0,0,1) 

+ e U 4,(l, 1,1,0) + l e + e + e i U 4,(0,l,l,0) + e U 4,(l,0,l,0)- 

6. EQUIVARIANT i^-THEORY of flag varieties 

6.1. Definitions. Since X is a complex irreducible smooth -ff-variety, we denote 
by K(H,X) its iJ-equivariant if-theory. 

For w G W, we set €>" = [O^J H G K(H,X). 

Since X = ]J weW X w is a cell decomposition of X, the family {Of} we w is a 
i?[iif]-basis of the module K(H,X). Moreover, X H is finite and isomorphic to W. 
Thus we have the following proposition. 

Proposition 4. 

(i) The H-equivariant K -theory of X H can be identified with F(W; R[H]). 
(it) K(H,X) = ® weW R[H}0*. 

(Hi) The restriction to fixed points i* H : K(H,X) — > F(W; R[H]) is injective. 

For all A G f)g, we denote by £^ the B-equi variant line bundle over X defined 
as the space of orbits of B acting on G x C by 

(g, v)b = {gb, e x (b- 1 )v), b G B, g G G, v G C. 

6.2. Link with Bott-Samelson varieties. Let f/,%, . . . , (An be a sequence of N 
simple roots. We set T = T(jj,±, . . . ,Hn) and we define an if-equivariant map g 
from r to X by multiplication 

5(151, ■ ■ - ,5iv]) = 5i x • • • x g N [B]. 
For all e G {0, 1}^, we define 

S(e)= n 

1 < J < iV, 
ej =1 

For all e G {0, 1}^, we set Of = 0g j£ e K{H,T) (see Section EH) . We have the 
following theorem. 

Theorem 3. For all e E {0, 1} N , 

9 *(0f) = O* 1( „ (e))) 

where T is defined in Section 

Proof. By Theorem 8.1.13 and Corollary 8.2.3 of the image of g is a Schubert 
variety X w , where iu G W, and g*{Of) = 0% . By Lemma 2.3 of 12], w = 

a 
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Example 3. In the case A2, if we take T 
relations : 



9* (O(p,o,o)) 
9*{Ofo,o,x)) = °" 

9*(0 H o,i,o)) = °" 
9*{®fx,o,o)) 
9*{®fi,o,i)) 
9*(0 H o,i,i)) = °" 
9* (^(1,1,0)) 



r(a2, ot\, 0:2), we get the following 
Of 



o 



«2 

H 

S1S2 
H 

S2S1 



QH 



Lemma 2. Let w 

For all A £ t)%, 



be a reduced decomposition of w £ W (N=l(w)). 



g*{[Cl] H ) = [C$) H x O. 



H 



Proof. Since Of 1} = 1 G K(H,T) where (1) = (1,1,..., 1) £ {0,1} N , and for all 
Aef)S,S*([^] H ) = [^p,wehave 

where the last equality is a consequence of Theorem 

□ 

6.3. A Chevalley formula. Theorems El and Lemma give us the following 
theorem. 

Theorem 4. Let w — ■ ■ ■ s MJV be a reduced decomposition of w £ W . For all 

e£{0,l} N 

Example 4. In the case A 2 , if we take w — S2S1S2 and A = pi, Examples El and 
Theorem 31 give us the following relation in K(H,X) 



Example 5. In the case G2, if we take w — S1S2S1S2 and A = P2, Example El and 
TheoremElgive us the following relation in K(H,X) 



[£p 2 ] X 



-3ai — Q2 



-2CK1 — Q2 



+(e 



3Q1+CK2 



3ai+2a 2 



l)^ S2 + (-e Ql+Q2 - e 2Q i+^ - e 3ai+a2 )0^ S2 
(e 2ai+a2 + e ai + 1)0^ 2 



S1S2 

OL1+OL2 



-e a2 H 



3ai+2a 2 
3ai+a2 



2ai+a 2 ' 



sis 2 



' S2 



s 1 s 2 s 1 

2 O h + (e 

^s 1 s 2 s 1 s 2 ~ V c 

+e a2 0^ iS2Si + (e 3ai+a2 + e 2ai+a2 + e ai+a2 )Of 2S1 + (e~ Ql + l)Of 1 
+ (e ai + l)0" + e 3ai+2a2 0". 



f e ai+a2 )0^ 2Si + e 3ai+2a2 0^ 

—a.i—a.2 _j_ g— 2ai— <X2\qH 

/ S 2 S 2_ S 2 
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Remark 3. Since pi is a dominant weight (i.e. p2(ctf) > for all simple roots ai), we 
know that we must find positive coefficients (i.e. a linear combination of characters 
with positive coefficients, see Unfortunately, our formula is not positive. In 

this example, we see that we can find negative terms and then cancellations can 
occur. The formulas given by Pittie and Ram in ^T] and Littelmann and Seshadri 
in P] are positive. 

7. Ordinary K-theory 

We denote by ip the forgetful map K{H,X) -» K(X), where K{X) ~ K°(X) ~ 
K (X) is the ordinary if -theory of X, and by ev : R[H] — » Z the Z-linear map 
defined by 

ev(e a ) = 1 for all character e a € X(H). 
For all w G W, we denote by O w G if(X) the class of in isT(X), and for 
all A G 1)1, we set [£f ] = </>([£f G #(X), Since V(O^) = cL, </>(e a ) = ew(e Q ), 
and ip is a ring homomorphism, Theorem gives us the following theorem. 

Theorem 5. Let w = s Ml • • • s MN 6e a reduced decomposition of w G W. For aZZ 

[£a]xO.= E CT (^i £ ,...,M«)°T-M^))- 

££{0,1}" 

Example 6. In the case A2, if we take w — S2S1S2 and A = pi, Example 21 and 
Theorem give us the following relation in K(X) 

x a 2SlS2 = [c%] = a 2S1S2 + a 1S2 + a 2 . 

Example 7. In the case G2, if we take w = S1S2S1S2 and A = P2, Example and 
Theorem give us the following relation in K(X) 

[•^p 2 ] x (D S1S2S1S2 — Os±s2SiS2 3C^ S2SlS2 -\- SlS2Sl -\- 30 S2Sl -+- 1(D SlS2 -+- 2C? S2 ■ 
This example was computed by Pittie and Ram in ^l] by using LS-paths. 
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